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Bloch vs Wannier functions

Bloch functions Wannier functions (localized orbitals)
Indexed by () = 1y (r)e®™ Ry — " Jke— kR
band number i - | | \ﬁ> P Jez ¥ nich

(n) and wave

/
Vi (X) W, (X) \
| 0
vector (k
é-)oint . j\. .~ o o Indexed by the
P \[ lattice vector
Wi (X)

in real space

1 W, (x)
Wk 2(X) W2 (X)

/‘
! — o .~ o Wannier:
\f\\ﬁM J\ PRB 52, 191 (1937)

Marzari et al.:

PRB 56, 12847 (1997)
Number of WF = number of bands! Rev. Mod. Phys. (2012)



Max. localized Wannier functions (MLVVF)

Bloch functions (more precisely):

wnk(r) — unk(r)

eik-r €i¢nk

gauge freedom — ambiguity

optimized $ni

WF spread

<r2>n R I_.%z

O = Z[(Onlrzl()n) — (On|r|0n)?] = Z[(”2>n — 1]

random phase

°
v

non-unique VWF!

optimized $ni




Two flavours of Wannier functions

\ 4
Atom centered sp3-like Bond centered s-like

o s

e includes bonding and
antibonding states
e building effective hamiltonian

Marzari et al.:
Rev. Mod. Phys. (2012)

e includes valence states
e charge transfer and polarization



Wannier functions as a tight-binding basis (atom centered FVV

Matrix element (eV)

(il s1? (si|H|s1) = Es
S less GaAs-WANN_hr/iat / /
0 0 0 1 1| |-4.335108 0.000000 Im part=10
///o 0 0 2 1 -0.000001
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0 0 0 = 1 1 172358]—— Matrix element (eV)
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Neighbour WF are well localized
unit cell = nearest-neighbour suffice



and structure
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Wave vector

+ original Wien2k band structure
— Band structure computed from Wannier hamiltonian



Relation to polarization (bond centere

Bond-centered VWF

ZAs
Wannier
center ge
ZGa
symmetric non-symmetric
(non-polar) (polar)

/T
King-Smith & Vanderbilt,

: Electronic part
lonic part P Phys.Rev.B 47, 1651 (1993)


http://publish.aps.org/search/field/author/R.%20D.%20King-Smith
http://publish.aps.org/search/field/author/David%20Vanderbilt

«
Berry phase ‘




Material properties related to polarization

Piezo- and Ferroelectricity Dielectric screening

E
=

Pyroelectricity
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What is polarization!?

We will now assume that in each atom there are charges ¢ separated by a
distance 8, so that ¢ is the dipole moment per atom. (We use & because we are
LECTURES ON already using d for the plate separation.) If there are N atoms per unit volume,
' there will be a dipole moment per unit volume equal to Ngé. This dipole moment
per unit volume will be represented by a vector, P. Needless to say, it is in the
direction of the individual dipole moments, i.e., in the direction of the charge
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Polarization for periodic solids is undefined



Modern theory of polarization

Pioneered by King-Smith, David Vanderbilt and Raffaele Resta

All measurable physical quantities are

—pl0) _pl)
related to the change in polarization! AP =P P

LU A2,
L L =y
T ] e
i i j - Astrain
A 173
AP
displacement

"Fiee (- PiRo) Eveceaciry




Components of polarization

P = Pion + Pel
ionic electronic
atoms

6 .
Pion = 0 ZS: Z}gonrs

In Wien2k Zsion is the core charge

j=J

OCC.

0
bands

py=q! / drepr) =00 (unlrfdn)

(I =1V position operator in k-space)

oc. Berry connection
bands
2et

(27T>3 zn: /BZ dk <unk|vk|unk>

King-Smith and David Vanderbilt, Phys. Rev. B 47, 1651 (1993)



http://publish.aps.org/search/field/author/R.%20D.%20King-Smith
http://publish.aps.org/search/field/author/David%20Vanderbilt

Choice of a reference structure

* calculation of macroscopic polarization always requires 2 structures
* begin with the lowest symmetry (A|) case

AP =P _ pl)

A ‘
| /\ ? OT /\ (PS)Iarization A

S N Saturation polarizg.t_igp .....
T I Non-remanent polarization
(W : —~© | NS
¢ 02
03 Remanent polarization (P,)
/ ¢ / .
< < Electric field (E)
Ao A
¢
< <
@ ‘/G;‘ @
02
http://www.globalsino.com/EM/page2380.html
/ © /




Demonstration: Born effective charg

A ' General definition

P = Pel T Pion
Ap = p(perturbed) — p(unperturbed)

A ' “Shortcut” (i=j, no
S 2rAug volume change)




Reality check

GaN: effective charge, dielectric constants - Springer
link.springer.com/content/pdf/10.1007%2F978-3-642-14148-5_230.pdf

by D Strauch - 2011 - Related articles

gallium nitride (GaN) property: effective charge, dielectric constants (lattice properties). Born effective
charge (wurtzite structure). Physical. Property. Numerical.

You've visited this page 2 times. Last visit: 04/06/16

GaN: effective charge, dielectric constants

substance:  gallium nitride (GaN)
property: effective charge, dielectric constants (lattice properties)

Born effective charge (wurtzite structure)

Physical Numerical Remarks Ref.

Property Values

Z* 2.73(3) from LO-TO splitting, Raman scattering from bulk GaN 01G
2.51 ab initio DFT(LDA) calculation 017
2.67 ab initio DFT(GGA) calculation

Lo 2.60 ab initio DFT(LDA) calculation 02w

Z="* 2.74

Zpo® 1.14 Zoy* =2, I Veny

Zg* 1.18

v 2.51 ab-initio DFT(LDA) calculation 06S

Z=® 2.75




Topological properties (new functionality 2019)

TaAs (Weyl semimetal)

— Weyl point

Weng et al,,
Physical Review X 5,011029 (2015)



Weyl point “charg

Berry connection

A= UE’VE‘UE>
Stokes’ theorem
Berry curvature
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Analog of

monopole charge

Wilson loop
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Physical Review X 5,011029 (2015)






Semiconductor alloys

Thermoelectric:
Sil-xGex -

IR detector: I _ |
(HgCd)Te — A\ ——

Outgoing
3.0 ' | ' | ' | ' | ' | '
- AIP Indirect bandgap A laser beam
7A 25 |- Direct bandgap
Solar radiation [c = — Active
spectrum 20 |- . B / region
15} -
A > i
L 4ol ® _ -V
Top junction (1lI-V) @ - d
l 2 o5} nsp :
Midle junction (lIl-V) > - =0 Si substrate
2 00
ttom junction (SiGe) " sl i 1.55 pm lasers:
| (InGa)As
Eg = | eV junction: 10F -
& J _ GaBi (InGa)(NAsSb)
(InGa)(NAS) _15 1 | 1 | ) | ) | ) | L G A B.
5.4 5.6 5.8 6.0 6.2 6.4 6.6 a(AsBi)

Lattice constant (A)



Band structure

Silicon Silicon
2-atom basis 250-atom supercell
° ' | 4.0 @2
\ Effective mass \ s
3.0 i
Energy gap | g, of oo |Be T P11 E 201
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QE) i transition 5 R
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S1 Bloch wave vector Wave vector



Unfolding the first-principle band structure

README.md

. fold2Bloch
Plane wave expansion

Unfolding of first-principle electronic band structure obtained with WIEN2k DFT-(L)APW code

Contributors:
Wk (r) = D Coic(G) e/ HE)T
G

* Oleg Rubel

Bloch spectral

weight 17 o
wa(k) =) [Crx(k+g)f _o8p

> 2

5 £
Popescu & Zunger: i Elé_ 0.4/
Phys. Rev. Lett. 104,236403 (2010) ?

"'e,,’ 0.2¢

Rubel et al.
Phys. Rev. B 90, 115202 (2014) ° X 0!

Wave vector
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Wave vector

Spectral weight

0.27

Demonstration: Band structure of SijxGex alloy (x =~ 0.2)
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Thermoelectric material: Sig 7Gep 3

1¢ o
o Landoldt-Bornstein (1982, 1987);
0sl Sasaki et al. (1984).
e I §4000 v v )
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Impact of alloying disorder on charge

CdTe — (HgCd)Te GaAs — Ga(AsBi)

Energy (eV)

Wave vector

Uh =200 = 10 cm2V-ls-|
He = I,100 — 1,000,000 cm2V-Is-| He = 4,000 = 2,500 cm?2V-ls-|
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Wannier functions: workflow

WANNIER90O0

Regular SCF calculation
Band structure plot

Initialize wien2wannier (1nit w2w):

- select bands, init. projections, # of WF (case. inwf file)
- projected band structure “bands_plot_project” (case.win file)
- additional options related to entanglement (case.win file)
Compute overlap matrix element Simn and projections Mmn (X w2w)

Perform Wannierization (x wannier90):
- position of Wannier centers and spreads (case.wout file)
- Wannier hamiltonian (case hr.dat file)

Initialize plotting, select plotting range, -mesh

(write inwplot)

Evaluate WF on the r-mesh selected (x wplot)

Convert the output of wplot into xcrysden format for plotting
(wplot2xsf)

Plot WF



Wannier functions: matrix elements

(On|r|0n) - position of the Wannier center

dke_ik.Rl lpnk>

2m)° JBz
lpnk (l’) — unk(r)eik.r
I' =1Vy  -- position operator

-V related to Berry phase,
Onjr|On) =i (27)? /dk (k| Vie[tnke? electronic polarization

Discretization:
dSOn — _i<unk|vk‘unk> -dk = —1 1n<unk‘un(k—|—dk)>

Smn(kj, kijy1) = <umkj‘unkj+1> -- matrix elements



Wannier functions: disentanglement
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Woave vector

+ original Wien2k band structure

: : : .:
— Band structure computed from Wannier hamiltonian >ouza et a

PRB 65, 035109 (2001)



Wannier functions: useful resources

® Jan Kunes et al.“Wien2wannier: From linearized

augmented plane waves to maximally localized Wannier
functions”, Comp. Phys. Commun. 181, 1888 (2010).

® Wien2Wannier home and user guide:
http://www.ifp.tuwien.ac.at/forschung/arbeitsgruppen/
cms/software-download/wien2wannier/

® Wannier90 home and user guide:
http://www.wannier.org/

® Nicola Marzari et al."Maximally localized Wannier

functions: Theory and applications”, Rev. Mod. Phys. 84,
1419 (2012)


http://www.ifp.tuwien.ac.at/forschung/arbeitsgruppen/cms/software-download/wien2wannier/
http://www.ifp.tuwien.ac.at/forschung/arbeitsgruppen/cms/software-download/wien2wannier/
http://www.wannier.org

Macroscopic polarization: Berry phase

dn, = —i{unk|Vi|unk) - dk = —i 1n<u7v/k‘un(k+dk)>

Smn(kj; Kjr1) = (Ui, lunk;, ) WIEN2WANNIER

 J-1

gD(kH) =2Im |In H det SMXM(kja kj_|_1)
B

Pel,a = Sj_l/ dS; @(kH)
S1

6(9061 a T Pion oz)
P, = ’ R
@ 27 () @

King-Smith and David Vanderbilt, Phys. Rev. B 47, 1651 (1993)


http://publish.aps.org/search/field/author/R.%20D.%20King-Smith
http://publish.aps.org/search/field/author/David%20Vanderbilt

Macroscopic polarization: BerryPl workflo

Need wien2k,wien2wannier,python 2.7.x and numpy

[command line]$ berrypi -k 6:6:6 [-s] [-]J] [-0O]

[ completed SCF cycle j Spin-polarized Orbital potential
v (e.g., LDA+U)
[ generate k-mesh in the full BZ (kgen) j
Spin-orbit
4
prepare nearest-neighbour k-point list
4
[ calculate wavefunctions (lapwl) j
[ calculate overlap matrix Smn (W2w) j ——
4 Polarization
vector

[ determine electron. and ion. phases

Comput. Phys. Commun. 184, 647 (201 3)



Macroscopic polarization: Choice of a reference struct

ST

| Q A A

* structure file must preserve the symmetry

* begin with the lowest symmetry (A|) case

* copy case A| to case Ag

e edit structure file for case Ao

* do not initialize calculation (init lapw)

* update density (x dstart)

* run SCF cycle (run[sp] lapw [-sO -orb])
® run BerryPlI



Macroscopic polarization: uncertainties

Py = ’ R
- 27§) -
Ap| T //i/ 0 AP = PO _pl) 4 ER
~ 00 4
e it is challenging to
determine large

polarization difference
~| C/m?2

Solution: Ao @ A1 © A



Macroscopic polarization: GaN Born eff. charge

Gew 2% caleela o
P (o) =-0.1528 b o, (0) = ~1. SO

M} ==0.25p9 €P Lou, (4)_._ ~ .44 Sl N

CFH’(O\" - 1.66I18

th-(/@ = —1.6960

AP (0>4) = —1.6969+ 1 G6[8
= —0.03\2
AU = 00 —0O = D .oQH
49
2" = -

V- MU B of . Qfony sl

= 2732




Berry phase: Useful resources

® Sheikh |. Ahmed et al.“BerryPl: A software for studying
polarization of crystalline solids with WIEN2k density

functional all-electron package”, Comp. Phys. Commun.
184,647 (201 3).

® BerryPl home and tutorials:
https://github.com/spichardo/BerryPl/wiki

e Raffaele Resta “Macroscopic polarization in crystalline

dielectrics: the geometric phase approach” Rev. Mod.
Phys. 66, 899 (1994)

® Raffaele Resta and David Vanderbilt “Theory of
Polarization: A Modern Approach” in Physics of
Ferroelectrics: a Modern Perspective (Springer, 2007)


http://www.ifp.tuwien.ac.at/forschung/arbeitsgruppen/cms/software-download/wien2wannier/

Berry phase:Weyl point charge

/Wilson loop

Weyl point

Need case.klist with k-points on the Wilson loop
[command line]$ berrypi -j -w -b 1:XX

soc- |
Wilson loop

Band range (occupied only)



Effective band structure: Zone folding
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Effective band structure: VWorkflow

Construct primitive unit cell
* Make supercell (supercell)
* Run SCF calculation

* Create k-path (case.klist band file)

 Compute wave functions (case.vector[so] file) for the
selected k-path:

- X lapwl [-p]
- x lapwso [-p] (inthe case of spin-orbit coupling)

fOIdZBlOCh * Unfold band structure (fold2Bloch)

| ‘ MATLAB . Plot effective band structure (ubs dots* .m)



Effective band structure: (Hg,Cd) Te band struct

7.4% Cd 18.5% Cd
HgTe - (b)
Massless Kane
E ) oy "Negative" fermions
s,  bandgap , (zero gap)
Keoot> __---""
EF N_ == !’_’ .

Topological
band crossover

in (HgCd)Te ///\\\ o ",
—L r X — —L r X —

Wave vector Wave vector

26% Cd 81% Cd

HgnCdsTeyy

—L r X — —L r X—
Wave vector Wave vector



Effective band structure: Useful resources

® V.Popescu and A. Zunger, Phys. Rev. Lett. 104,236403
(2010).

® O.Rubel,A. Bokhanchuk, S.].Ahmed, and E. Assmann
“Unfolding the band structure of disordered solids:
from bound states to high-mobility Kane fermions”™

Phys. Rev. B 90, | 15202 (2014)

® fold2Bloch home and tutorials:
https://github.com/rubel/5/fold2Bloch



https://github.com/rubel75/fold2Bloch

