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Kohn-Sham total-energy functional

The total energy is given by

EKS = Ts + EXC + Vee + Ven + Vnn

Ts : Kinetic energy

E,. = E« + E. : exchange-correlation energy

V.. : electron-electron electrostatic Coulomb energy
Ve : electron-nucleus electrostatic Coulomb energy
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Vin : Nucleus-nucleus electrostatic Coulomb energy



The variational principle

The variational principle

ORET o ( VELED ’))

leads to the Kohn-Sham equations:

(—;Vz + ‘A/eff(r)> Yi(r) = €jibi(r)

where
‘A/eff(r) — ch(r) + Vee(r) + Ven(r)



Exchange-correlation potential

Depending on the choice for E,, ¥, can be
orbital-independent:

Ve = Vie (e.g., LDA, GGA)
or orbital-dependent:

Ve = Vil (e.g., meta-GGA, Hartree-Fock, LDA+U)



Exchange-correlation functionals available in WIEN2k

LDA (PW92 for correlation)

GGA (PBE, WC, PBEsol, AMO05, etc.)
Meta-GGA (e.g., TPSS) (not self-consistent)
LDA+U, GGA+U, meta-GGA+U (on-site)
Approximate Hartree-Fock (on-site)

Approximate hybrid functionals (PBEO, B3PW91, etc.)
(on-site)

vV vV vV Vv Vv Y



When do LDA and GGA fail?

For many solids and properties, LDA and GGA functionals are
good enough to be useful, but there are particular cases where
they give very bad results.

For instance, LDA and GGA are not able to describe correctly:
» The geometry and energetics of van der Waals complexes.
The reason is that the dispersion interaction is not included
in LDA and GGA.
» The electronic and magnetic structures of strongly
correlated systems. One of the reasons is that LDA and
GGA are not self-interaction free.



The self-interaction error
The electron-electron electrostatic Coulomb energy

/
1 /] PNP(F) 3,8,
2 Ir —r'|
contains the interaction of an electron with itself (the
self-interaction):

Z //W: |r’2—|¢r,’| Brdr

In principle, this self-interaction should be removed by the
exchange energy. For instance, for one-electron systems one
should have

Vee + Ex=0 (and also E. = 0)

This is what is done in Hartree-Fock theory, but not in LDA and
GGA.



(Partially) self-interaction free functionals

» Hartree-Fock

» Kohn-Sham exact exchange (EXX, OEP)

» Self-interaction corrected LDA ' (there are several variants)
» LDA+U (there are several variants)

Interesting recent papers about self-interaction:

» Mori-Sanchez et al., J. Chem. Phys. 125, 201102 (2006)
» Ruzsinszky et al., J. Chem. Phys. 126, 104102 (2007)

"Perdew and Zunger, Phys. Rev. B 23, 5048 (1981)



LDA+U

The idea of LDA+U is to remove (partially) the self-interaction
error present in LDA in a cheap way:

Remove the self-interaction error only for the electrons of a
given angular momentum ¢ and type of atom.

For instance:
» 3d electrons in transition-metal oxides
» 4f electrons in rare-earth oxides
» 5f electrons in actinide oxides



LDA+U exchange-correlation functional

The LDA+U exchange-correlation functional is
EXPAY = ERPA) + EV g, )]

where
EU[n(r’n,mj] = Eee[n(r’n,-mj] - EdC[n(rTn,-mj]

and Moymy is the occupation matrix.

E.. is an Hartree-Fock-type term and E,. is the double-counting
term.

The mathematical expression of E;. depends on the version of
LDA+U.



LDA+U exchange-correlation potential

The variational principle leads to
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The LDA+U exchange-correlation potential is

~LDA+U __ |, LDA ~U
VXC,O' - VXC,O’ (r) + Va



The different versions of LDA+U

Original around mean field 2

Around mean field 3

Atomic limit (also called fully localized limit) 4
Interpolation between AMF and AL °

Version of Seo © (better self-interaction correction)
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2Anisimov et al., Phys. Rev. B 44, 943 (1991)

3Czyzyk and Sawatzky, Phys. Rev. B 49, 14211 (1994)
4Anisimov et al., Phys. Rev. B 48, 16929 (1993)
®Petukhov et al., Phys. Rev. B 67, 153106 (2003)
6Seo, Phys. Rev. B 76, 033102 (2007)



Atomic limit version of LDA+U

ELDA+U _ ELDA[ 0] | Eee[nf’mmj] — Eac[n7]

1 _
Eee[n%,mj] - EZ Z [ng71m2nm§m4<m1 M3 |Vee| M2my)

o My,Ma,mg, My

N, my Mimam, (M4 M| Ve | Mamy) — (myma| Vs, mamy))]

Eae[n?] = JZ g — 1) ”‘

Very often, U and J are treated as adjustable parameters, but
there exist a few procedures to calculate U and J (see
Aryasetiawan et al. 7 and references therein).

"Phys. Rev. B 74, 125106 (2006)



SCF cycle of LDA+U in WIEN2k (runsp_lapw -orb)

|

lapwO

‘—> Vchl,)? + Vee + Ven (Ccase.vspup(dn), case.vnsup(dn))

orb -up

— Vi m, (Case.vorbup)

orb -dn

— v,ih m, (case.vorbdn)

lapw1 -up -orb

‘ — Y, e}y (case.vectorup, case.energyup)

lapw1 -dn -orb

‘ — 9t eh (case.vectordn, case.energydn)

lapw2 -up

‘ — pl, (case.cimvalup)

lapw2 -dn

‘ — p, (case.clmvaldn)

lapwdm -up

‘ — Nh.m, (case.dmatup)

lapwdm -dn

‘ — N, m, (case.dmatdn)

Icore -up

‘ — plore (case.clmcorup)

Icore -dn

‘ — ploe (case.clmcordn)

mixer

\—> mixed p? and ng, m,




A few remarks on LDA+U in WIEN2k

» Any GGA and meta-GGA functionals can be used instead
of LDA: GGA+U and meta-GGA+U (choose another
number in case.in0)

» Calculation with several angular momenta ¢ on the same
atom is possible (s, p, d, f)
» runsp_c_lapw -orb : spin-unpolarized LDA+U calculation

» runsp_lapw -orbc : LDA+U calculation with fixed
case.vorbup(dn) (Vg m,)



Results for antiferromagnetic MnO (U = 6.04 and
J=0¢eV)

a : lattice constant (A)

B : bulk modulus (GPa)

M : magnetic moment (ug)

Atung : fundamental band gap (eV)
Aopt - optical band gap (eV)

a B M Afung Aopt
LDA 4.32 184 4.19 0.8 1.0
LDA+U 4.40 174 4.50 1.9 2.5

Expt. 4.445 151-162 4.58-4.79 39 20




DOS of antiferromagnetic MnO
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Results for antiferromagnetic CoO (U = 6.88 and
J=0¢eV)

a: lattice constant (A)

B : bulk modulus (GPa)

M : total magnetic moment (ug)
M, : orbital magnetic moment (ug)
Agung : fundamental band gap (eV)
Aopt - optical band gap (eV)

a B M My Agng  Dopt

LDA 411 250 2.53 0.17 0.0 0.0
LDA+U 420 212 3.48 079 27 3.6
Expt. 4254 180 3.35-3.98 25 27




DOS of antiferromagnetic CoO
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Interesting references for the concepts of LDA+U

» Anisimov et al., J. Phys.: Condens. Matter 9, 767 (1997):
Review

» Lechermann et al., Phys. Rev. B 69, 165116 (2004):
Comparison of AMF and FLL versions of LDA+U for Fe-Al
systems

» Cococcioni and de Gironcoli, Phys. Rev. B 71, 035105
(2005):
Ab initio calculation of U

» Kasinathan et al., Phys. Rev. B 74, 195110 (2006):
Comparison of LDA+U, SIC-LDA, pseudo-SIC-LDA, and
hybrid for MnO



Total energy, force, and stress

» The total energy E is a function of the lattice parameters a,
b, ¢, angles «, (3, and v, and positions of the nuclei R;:

E: E(a7b7c7a7/8777R17R27'”)
» The force F; on nucleus /is given by
F,=-V/E

The equilibrium positions of the R, are reached when
F, = 0 for all nuclei /

» The stress of the unit cell is given by

_ 1 dE
798 = Q dewg

The equilibrium values for a, b, ¢, «, 3, and ~ are reached
when o,3 =0



Force in WIENZ2k

» The force formalism for LAPW basis set was developed by
Soler and Williams® and Yu et al. °

» The formalism of Yu et al. was implemented by Kohler et
al. in WIEN2k'0

» Madsen et al.'" adapted the formalism for APW-lo basis
set

8Phys. Rev. B 40, 1560 (1989)

9Phys. Rev. B 43, 6411 (1991)
°Comput. Phys. Commun. 94, 31 (1996)
""Phys. Rev. B 64, 195134 (2001)



The total force

The total force acting on atom « is given by

Fa = FI;F + FIO]?S

» F!IF is the electrostatic force (also called
Hellmann-Feynman force)

» FIBS is the force which arises due to the use of an
atom-position-dependent and incomplete basis set (IBS)
(also called Pulay force)



The Pulay force

» In general, the calculation of the Pulay force F'BS is not
trivial and, in addition, with the FP-(L)APW-+lo basis set the
discontinuity of the derivatives of the basis functions leads
to a contribution to F5S.

» The formula for F'BS depends on the type of
exchange-correlation functional. The implementation in
WIEN2K (based on Yu and Singh formulation) works only
for LDA and GGA.

» Recently, the force formulation was adapted to work with
LDA+U and hybrid functionals and it has been
implemented in WIEN2k.

» The calculation of the Pulay force is activated by replacing
TOT by FOR in case.in2 (first line)



Force with LDA+U:
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Force with LDA+U: hexagonal Ce;O3
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